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Abstract

This paper deals with the use of the Conjugate Gradient Method of function estimation with Adjoint Problem for
the simultaneous identification of two boundary conditions in natural convection inverse problems in two-dimensional
irregular cavities. The unknown boundary conditions are estimated with no a priori information about their functional
forms. Irregular geometries in the physical domain are transformed into regular geometries in the computational do-
main by using an elliptic scheme of numerical grid generation. Therefore, the proposed formulation can be applied to
the solution of inverse problems in different geometries. The methodology is applied to cases involving an annular
cavity, where the position- and time-dependent heat fluxes are unknown at the inner and outer surfaces. The effects of
the number and position of temperature sensors on the inverse problem solution are also addressed in the paper.
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1. Introduction

Forced and natural convection problems have been
gaining the attention of groups aiming at the develop-
ment of solution procedures for inverse problems, as
well as of groups mainly involved with the physical/ap-
plication aspects of this class of problems. Several recent
works dealing with inverse convection problems can be
found in Refs. [1-33]. However, with few exceptions [26—
28,30], the above papers have addressed the estimation
of one single unknown quantity.

The use of simulated measurements has been widely
used to verify the capabilities of inverse problem solu-
tion procedures [1-35]. In such approach, the direct
problem is solved with a priori established values for the
unknown parameters or functions. The solution of the
direct problem then provides exact measurements to be
used as input data for the inverse problem solution
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procedure. Note, however, that actual measurements
generally contain errors. Therefore, in order to simulate
actual measured data, random errors are added to the
exact measurements. Standard statistical hypotheses
generally assumed for the measurement errors include
they being regarded as additive, uncorrelated, normally
distributed, with zero mean and with constant and
known standard deviation [33-35]. By using simulated
measurements obtained in such a manner, the inverse
problem solution procedure shall be able to recover the
values a priori established for the unknown parameters
or functions. Different important issues can then be
addressed with the use of simulated measurements, such
as the stability of the solution procedure with respect to
the measurement errors, as well as the design of the
experiment, including the estimation of the number and
position of sensors required for accurate inverse prob-
lem solutions.

A fact usually overlooked when simulated measure-
ments are used for the inverse analysis is that the errors
in the mathematical model for the physical problem
under picture, as well as in the solution technique for the
direct problem, are neglected. Such is the case because
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Nomenclature

C, specific heat

d direction of descent

F objective functional

K thermal conductivity

M, N  number of grid lines in the ¢ and # direc-
tions, respectively

P pressure

q1, g2  applied heat fluxes at the boundaries 1 =1
and n = N, respectively

S number of sensors

S? vector of source functions given by Eq. (3c)

t time

t; final time

T estimated temperature

u, v velocity components in x and y directions,
respectively

U,V  contravariant velocity components normal

to ¢ and 5 coordinate lines, respectively
X,y Cartesian coordinates in the physical do-
main

Greek symbols

p search step size
A variation
ERMS RMS error

Vs A conjugation coefficients

| 4 vector of diffusion coefficients given by Eq.
(3b)

@ vector of conserved variables given by Eq.
(3a)

A vector of Lagrange multipliers given by Eq.
©)

Uy measured temperature by sensor s

o density

o standard deviation of the measurement er-
rors

& Cartesian coordinates in the computational
domain

I dynamic viscosity

VF gradient of the objective functional

Subscripts

est, ex estimated and exact heat fluxes

s sensor location

1,2 refer to the boundaries at n =1 and n =N,
respectively

Superscript

k iteration number

the mathematical formulation and the solution tech-
nique for the direct problem, used to generate the sim-
ulated measurements, are the same used as part of the
inverse problem solution procedure. In fact, for solving
the inverse problem and for generating the simulated
measurements, many analysts solve the direct problem
disregarding the accuracy of its solution, which can re-
sult in unrealistic simulated measurements that may not
be identified through the inverse analysis.

In this paper, we examine the simultaneous estima-
tion of the boundary heat fluxes at two surfaces of a
cavity, by using simulated temperature measurements
taken in its interior. The fluid inside the cavity under-
goes natural convection as a result of the prescribed
boundary conditions. The natural convection problem is
formulated in terms of generalized boundary-fitted co-
ordinates [36], by using Boussinesq’s approximation.
The irregular geometry in the physical domain is trans-
formed into a regular geometry in the computational
domain, so that one single formulation can be used for
the solution of inverse problems in cavities of different
geometries. For the solution of the inverse problem, we
consider the conjugate gradient method of function es-
timation with adjoint problem [34,35]. The direct prob-
lem and the auxiliary problems required by this method

are numerically solved with finite-volumes, by utilizing
the WUDS [37] interpolation scheme. The SIMPLEC
method [38] was utilized for the treatment of the pres-
sure-velocity coupling, for the computation of the ve-
locity and pressure fields on co-located grids. Test-cases
involving the simultaneous estimation of the heat fluxes
at the inner and outer surfaces of an annular cavity are
examined. The most general case, where the unknown
heat fluxes vary in time and along the boundary sur-
faces, is addressed below.

2. Physical problem and mathematical formulation

The physical problem under picture in this paper
involves the transient laminar natural convection of a
fluid inside a two-dimensional irregular cavity, such as
the one depicted in Fig. 1. The boundary of the cavity is
assumed to be defined by four surfaces, which are
transformed into the computational domain as the sur-
faces ¢ =1, ¢=M, n=1 and n = N. The fluid is ini-
tially at rest and at the uniform temperature 7. At time
zero, the surfaces at # = 1 and at n = N are subjected to
space- and time-dependent heat fluxes ¢;(&,¢) and
q»(&, 1), respectively. The other two surfaces involve
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Fig. 1. Geometry for the irregular cavity.

symmetry boundary conditions. The fluid properties are
assumed constant, except for the density in the buoy-
ancy term, where we consider Boussinesq’s approxima-
tion valid.

The mathematical formulation for this physical
problem can be written in vector form in terms of the
following conservation equation in the generalized
Cartesian coordinates:

©(Jpq>)

A(Upe) N AV po)

Y. n
0 [0} o
“weprli )

0 0 0 4,
+6—’1{J1" [ 6£+b ]}+JS (1)

where

a=&+&; b=n+n;

d=¢En + éy”ly? J = Xeyy — XV

U=Jué +v8); V=Jun, +on,) (2a-f)

We note that U and ¥ denote the contravariant veloc-
ities in the ¢ and 5 directions, respectively, while J de-
fines the Jacobian of the transformation from the
physical domain into the computational domain. The
general conservation variable, as well as the diffusion
coefficient and the source term for the mass, momentum
and energy conservation equations, are given in vector
form respectively as:

1 000 0
0= wln) |y _ 0 w0 0
o(&n,0) | 00 u 0
T(&n,1) 000 &
0
_OP(& 1)
S = | opens Or
12— pe{1 = BIT(E .0) — Tt}
y
0

(3a—c)

We note in the Eq. (3c) that the positive y-axis in the
physical domain is supposed to be aligned with the op-
posite direction of the gravitational acceleration vector.
These equations are solved, subjected to the following
boundary and initial conditions.

o¢
l1<np<N, fort>0 (4a)

JW[ 6(p+b6(p] —0 até=1and &=M,

u=v=0 atn=1and y=N,

1<&<M, fort>0 (4b)
or  ar
K{daé—kb ]*—ql(cf,t)\/l;
aty=1, 1<é<M, fort>0 (4c)
or  or
Kldoz+bo-| =a(&0Vh
o¢ on
atn=N, 1<&<M, fort>0 (4d)
u=v=0 for¢=0 in the region (4e)
T =T, for¢=0 in the region (4f)

3. Direct problem and inverse problem

The direct problem associated with the mathematical
formulation given by Eqgs. (1)—(4) involves the determi-
nation of the transient velocity and temperature fields in
the cavity, from the knowledge of the cavity geometry,
of the physical properties and of the initial and bound-
ary conditions. Appropriately formulated direct prob-
lems are mathematically classified as well-posed. The
solution of a well-posed problem must satisfy the con-
ditions of existence, uniqueness and stability with re-
spect to the input data [33-35].

Inverse heat transfer problems involve the estimation
of at least one of the quantities required for the well-
posedness of the direct problem, by using velocity, heat
flux and/or temperature measurements. The inverse
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problem of interest in this work involves the simulta-
neous estimation of the boundary heat fluxes ¢, (¢, #) and
q2(&,¢t), at the surfaces n =1 and n = N, respectively.
Temperature measurements taken inside the cavity at
appropriate locations are used for the estimation of such
boundary fluxes.

Differently from direct problems, inverse problems
are mathematically classified as I//-posed. The existence
of a solution for an inverse heat transfer problem may be
assured by physical reasoning for several cases. On the
other hand, the uniqueness of the solution of inverse
problems can be mathematically proved only for some
special cases. Also, the inverse problem is very sensitive
to random errors in the measured input data, thus re-
quiring special techniques for its solution in order to
satisfy the stability condition [33-35]. In fact, a suc-
cessful solution of an inverse problem generally involves
its reformulation as an approximate well-posed problem
and makes use of some kind of regularization (stabil-
ization) technique. In several methods, the solution for
the inverse problem is obtained through the minimiza-
tion of an L, norm in the space where the unknown
quantity belongs to. For the solution of the inverse
problem under picture in this work we consider the
minimization of the following functional:

Flgi(&,1), qz(f 1)

/ iw”svt ‘]17‘]2)

where f# denotes the final time, S is the number of sen-
sors used in the analysis, while p (¢) and T'(&, n,, £ 91, 92)
are the measured and estimated temperatures, respec-
tively, at the measurement positions (&;,n,), for
s=1,...,S. The estimated temperatures are obtained
from the solution of the direct problem by using esti-
mates for the boundary heat fluxes ¢, (&, ¢) and ¢»(&, 7).

We note that the physical problem under picture in-
volves transient natural convection with the surfaces at
n=1 and n = N subjected to heat fluxes ¢;(&,7) and
q2(&,1). The recovery of this type of functions via inverse
analysis requires transient measurements taken at sev-
eral locations inside the cavity.

(1)) de (5)

4. Sensitivity problems

The sensitivity problem is used to determine the
variation of the dependent variables due to changes in
the unknown quantity. Since the present work deals with
the estimation of two unknown functions, two sensitiv-
ity problems are required in the analysis. They are de-
rived by considering perturbations in the boundary heat
fluxes each at a time, as described next.

Let us consider that the temperature 7(&,n,¢) un-
dergoes a variation ¢AT (&, i, ¢), when the boundary heat

flux ¢, (&, ¢) is perturbed by ¢Aq (&, ), where ¢ is a small
real number. Similarly, since the temperature, velocities
and pressure are coupled in the natural convection
problem, the velocities and the pressure undergo varia-
tions eAu (&, n, 1), eAvi (&, n,t) and AP (&, n,¢). In order
to derive the sensitivity problem resulting from the
perturbation in g (&,¢), we apply the following limiting
process [34,35]:

LE(‘]IS) - L(‘]l) -0

DAqIT(Qr]v[) = 16113 (6)

where L.(qi;) and L(qy) are the operator forms of the
direct problem written for the perturbed [q,(&,¢)+
eAqi(&,1)] and unperturbed g;(&,¢) heat fluxes at the
boundary n = 1, respectively.

A similar procedure is used for the derivation of the
sensitivity problem for the functions ATy(&,1n,1),
Auy(E,m,t), Ava(E,m,t) and APy(E,n,t), resultant from
the perturbation of the heat flux g,(&, ¢) by eAqa (¢, 1), at
the boundary n = N.

We then obtain the sensitivity problems for the de-
termination of the functions Ag;(¢,n,1), for j=1, 2,
respectively as:

dUpAe)  A(UipAe)  AVpAe)  3(AUpe)
ot o on a¢
+6(N7~pq>,)
g el
0 a(A<|>-) 0(Ag))
— ¢ J J ¢
+an{1r [d et }}JrJASj
nl<é<M, 1<np<N,; fort>0 (7a)
(A, (A,
o[ 24e)  OAe)T
o¢ on
até=1land é=M, 1 <n<N, fort>0 (7b)
Au; = Av; =0 atn=1and
n=N,1<é<M, fort>0 (7c)
O(AT) , , O(AT)] _
atn=1 1<¢é<M, fort>0 (7d)
O(AT) , , O(AT)] _ .
K|:d af +ba—n = 521AqZ(Q7[)\/B
atn=N, 1 <é<M, fort>0 (7e)
Ag =0 for =0 in the region (7f)

where @, I and S? are given by Egs. (3a—c), respectively
and
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fori#j

fori=j (8)

0y = { (1):
Note in Egs. (3a—c) and (7a) that the correspondent of
the energy and y-momentum equations for the sensitiv-
ity problems are coupled through the variation of the
buoyancy term. Thus, for the sensitivity problems the
mass, x-momentum, y-momentum and energy equations
must be solved simultaneously, for j =1, 2.

5. Adjoint problem

The adjoint problem is derived by multiplying the
general conservation Eq. (1) written for ¢ =1 (mass
equation) by the Lagrange multiplier 1,(&,n,t), Eq. (1)
written for @ = u(&, n,¢) (x-momentum equation) by the
Lagrange multiplier 1,(&,n,t), Eq. (1) written for
¢ =v(¢,n,t) (y-momentum equation) by the Lagrange
multiplier 75(&,n,t), Eq. (1) written for ¢ = T(&,n,1)
(energy equation) by the Lagrange multiplier 74(&,1,¢)
and integrating over the time and space domains. The
resulting expression is then added to the functional given
by Eq. (5) in order to obtain an extended functional.
Then, by defining the Lagrange multiplier vector as

)vl (f n, )

_ | A&n,t)
)“ o 23( (SY/0 ) (9)
)”4(C , )

we can write the extended functional as:

Flqi(&1),q2(&,1)]

1 M N S )
= T, — 1) o(r — ry)dedndé
2/ / [ 3 wote —e)dean
/ / / 3(Jpo) @(l7p<p)+©(l7p<p)
é=1 Jn=1 Jt ot aé 617

0 0} 0
_ ¢
R {"r ( a“”anﬂ

_ O | da"’+ba"’ — 78?3 Vs dedyde
o oc

(10)

where 6(-) is the Dirac delta function, r, is the vector
with the sensor position (&,,7,), fors =1,...,Sand (.,.)
denotes the vector dot product.

We now perturb ¢, (¢,7) by eAqi(¢,1), o(&,n,t) by
A, (&, n,1) and S?(E,n,1) by eAS?(&,n,1) in Eq. (10)
and apply the following limiting process to obtain the
directional derivative of the functional F[q,(¢,¢), g2(&, 1))
in the direction of the perturbation Aq, (&, ) [34,35]:

Dagy Flan(€,0),4a(&. )] = lim 212) —F(@1)

e—0 &

=0 (11)

where F,(qi;) and F(g;) denote the functional (10)
written for the perturbed [q,(&,¢) + ¢Aq;(&,¢)] and un-
perturbed g;(&,¢) heat fluxes at the boundary n =1,
respectively. The following expression results:

DACII [q1(§7 ) f]z C7 )]

/cl/,,l/, Z (T; — 1)
/7 /,1/ <{ JpA(P1)+6(l~]1é)€A(pl)

L A(VipAe))  O(AUpe:) | A(ATipgy)
on o¢ on

)

— 1) AT, dedndg

JASl},x>Jdtdndi (12)

By employing integration by parts in the second integral
term appearing on the right-hand side of Eq. (12), uti-
lizing the initial and boundary conditions of the sensi-
tivity problem for AT} (&, n,¢) and also requiring that the
coefficients of ATy(&,n,¢) in the resulting equation van-
ish, the following adjoint problem is obtained:

_OSpw) _(Upw) (Y p)
ot o¢ on
2 o) o)
¢
6§{Jr[ 65 +d an
2 (W) |, o)
9 pe| g8 ¢
Y P LTINS
nl<é<M, 1<n<N;fort<g (13a)
JF[ ot +b o =0
até{=land (=M, l <n<N, fort>0 (13b)
/12:;@:0
atp=landn=N, 1 <&<M, fort>0 (13c)
Ik [a2 02| 0 atn=1and
o¢ on
n=N, 1<é<M, fort>0 (13d)
Y =0 for¢= ¢ in the region (13e)
where
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ou, oV,
2 T3
o(4J) o(pWJ*E,) | d(pwn,)
s | E e [ |
o(AJ) o(pWs2E,) | (pWs?n,)
o +<(p’{ & T oy D
pghis® =320 (T — 1)3(r — 1)
0
JolE 1,
v (&, m, 1) (14a,b)
)~3(67777t)
24(67’770
and
U; = J2 (0, + 13&,) (15a)
v, = J?(Jam, + Aan,) (15b)

are the contravariant components of the Lagrange
multipliers 4,(&,n,¢) and /3(&,n,¢) multiplied by the
Jacobian.

Note that the Lagrange multiplier 4,(¢,n, ) appears
in the second and third components of the source term
vector S;, just like the pressure appears in the source
term of the x and y-momentum equations. Similarly, the
Lagrange multipliers 4,(&,#,¢) and A;(&,n,¢) are equiv-
alent to the u and v velocity components, while the
Lagrange multiplier A4(&,n,¢) is equivalent to the tem-
perature in the energy equation. Therefore, the adjoint
problem given by Egs. (13)—(15) is also coupled and
needs to be solved with the same technique used for the
direct problem.

We note that the adjoint problem involves final
conditions given by Eq. (13e) (instead of the usual initial
conditions), as well as negative transient and convective
terms in the governing Eq. (13a). However, it can be
transformed into a regular problem by utilizing the
following suitable transformations of the independent
variables:
E=M-¢ n=N-n, t'=t—t (16a—)

A limiting process analogous to Eq. (11) is used in
order to obtain the directional derivative of the func-
tional F[q,(&,t),q2(&,¢)] in the direction of the pertur-
bation Agy(&r) [34,35]. After performing similar
manipulations we obtain the adjoint problem resulting
from the perturbation in ¢»(&,¢), which is identical to
that given by Eqgs. (13)—(15) resulting from the pertur-
bation in g (&, ). Therefore, one single adjoint problem
needs to be solved at each iteration of the conjugate
gradient method, despite the fact that two unknown
functions are to be estimated.

6. Gradient equations

In the process of obtaining the adjoint problem re-
sulting from the perturbation in g;(¢&,¢), the directional
derivative of the functional in the direction Agq(¢,¢)
reduces to

Dag I [611(5 f) qz(ﬁ ]
£ )
- G,

/’{4 é n, ) Aql(évt)dtdé

n=1

(17)

We now invoke the hypothesis that the unknown func-
tions belong to the space of square integrable functions
in the domain 0, #[x]1, M| of interest. The directional
derivative of F[q(&,1),q2(&, )] in the direction of the
perturbation Ag;(&,¢) is given by [34-36]:

Dy, Flq1(&,1),q2(&,1)]
:/i /:)VF[fll(f,l)}Aql(i,t)\/EJdtdf (18a)

Hence, by comparing Egs. (17) and (18a), we obtain the
gradient equation for the estimation of ¢, (&, ¢) as:

VI (&) = - ZAEm0)

¢ (18b)

n=1

An analogous procedure is used in order to obtain
the gradient equation of the functional for the estima-
tion of the function ¢,(¢,¢). In such case, we obtain the
gradient equation as:

VF[q (1)) = ——c (19)

7. Iterative procedure

The iterative procedure of the conjugate gradient
method, as applied to the simultaneous estimation of
q;(&, 1), for j =1, 2, is given by [34,35]:

4T (&0) = i (&0 + Bdf (& 1), j=1,2 (20a)
where k is the number of iterations.

We used in this work Powell-Beale’s version of the
conjugate gradient method [39,41]. We also tested in this
work the most common versions of the conjugate gra-
dient method of Fletcher-Reeves and Polak—Ribiere
[34,35,39]. However, for several test-cases they resulted
in non-convergence of the iterative procedure because of
the strong non-linear character of the physical problem
under picture. As in Ref. [39], we found Powell-Beale’s
version of the conjugate gradient method more stable
and robust than these two other versions. The directions
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of descent for Powell-Beale’s version of the conjugate
gradient method, d/’.‘(é, t), are obtained from

dj(&,1) = =VFI;(& 0] +7id[ (&) + i (E.1),
j=12 (20b)

where yj? and x; are the conjugation coefficients. The
superscript z in Eq. (20b) denotes the iteration number
where a restarting strategy is applied to the iterative
procedure of the Conjugate Gradient Method.

The conjugation coefficients yj? and y; are given as
[39,41]:

oS JEAVFIGE(E )] — VFIgE (& 0]} VFgh(E 0)]VbT dide

We note that the coefficients 0.2, 1.2 and 0.8 appearing
in Egs. (21a) and (21b) are empirical and are the same
used by Powell [41].

For the Powell-Beale’s version of the Conjugate
Gradient Method, the direction of descent given by Eq.
(20b) is computed in accordance with the following al-
gorithm for k£ > 1 [41]:

Step 1: Test the inequality (21a). If it is true set
z=k—1.
Step 2: Compute 7% with Eq. (20c).

for k=1,2,..., with ) =0 for k=0, j=1,2

(20c)

I VI (0] - VFlg (&0l (& v/ dide
A JEAVPLE & 0] - VPG O TPl € )l drde

In accordance with Powell [41], the application of the
conjugate gradient method with the conjugation coeffi-
cients given by Egs. (20c) and (20d) requires restarting
when gradients at successive iterations tend to be non-
orthogonal (which is a measure of the local non-linearity
of the problem) or when the direction of descent is not
sufficiently downhill. Restarting is performed by making
x; in Eq. (20b) equal to zero.

The non-orthogonality of gradients at successive it-
erations is tested by using:

ABSMﬂ /’0 VFlgy (& 0IVFg (& 0]VbJ drdE

>0.2/z /;{VF[qf(é,z)]}z\/EJdtdf (21a)

where ABS(") denotes the absolute value.

A non-sufficiently downbhill direction of descent (i.e.,
the angle between the direction of descent and the neg-
ative gradient direction is too large) is identified if either
of the following inequalities are satisfied:

_ 1,2[? /j{VF[q‘;(f,t)]}Z\/EJdtdﬁ

> /z /:t;{df(if)VF[q’;(f,t)]}\/EJdtdg

t

t

> —o.s/M /’f{w[q’;(g,z)]}zﬁjdzdg (21b)

S JEANFIG (6, 0)] — VFIG(E 0]} (E,0)VbT didé

forz=1,2,..., with ) =0 forz=0, j=1,2

(20d)

Step 3: If k=z+1set y;=0.If k#z+1 compute
with Eq. (20d).

Step 4: Compute the search direction d/’.‘ (&, 1) with Eq.
(20D).

Step 5: If k >z — 1 test the inequalities (21b). If either
one of them is satisfied set z=%k—1 and
%; =0. Then recompute the search direction
with Eq. (20b).

Expressions for the search step sizes ﬁf, for j=1, 2,
are obtained by minimizing Flgi™ (¢,1),¢5 (&, £)] with
respect to ﬁ'{ and /3’; [34,35]. It results:

GG -GG

. CiCs — C53C ’
TGo - PTTao-a 22a,b
h CsCy — C% s CsCr = C% (22a,b)
where:
© S
Cl = / Z[T(l’m t;f]hl]z) - Aus(t)]ATz(l's,[; dg)dl
=0 =1
(23a)
© S
© :/ > IAT(x,, 1)) de (23b)
=0 =1
© S
C; = / ZATI(I‘“Z;df)ATZ(rs,t; déf)dt (230)
=0 =1

— 1, ()]AT (xy, 1;d¥) dt

6w S
= [ Yo
t ‘.

(23d)
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S
C :/ ATy (x,, t; d)]* dt 23e
=/ ;[ o 5] (23¢)

In Egs. (23a-e), AT (r,,t;d’) and ATy (ry,1;d5) are the
solutions of the sensitivity problems at the measurement

locations r, = (&, n,), given by Eqgs. (7a—e) for j =1, 2,
respectively, obtained by setting Ag;(&, 1) = d]’f (&1).

8. Stopping criterion

The iterative procedure of the conjugate gradient
method is not capable of providing by itself regularized

1.00

Dimensionless Temperature

solutions for inverse problems. In fact, it is generally
observed that the random errors present on the mea-
sured variables are amplified for the solution of the in-
verse problem, as a result of its ill-posed character, when
estimated temperatures approach the measured ones
during the minimization of the functional (5). However,
the use of the conjugate gradient method may result on
stable solutions if the Discrepancy Principle [34] is used
to specify the tolerance for the stopping criterion of
the iterative procedure. In the Discrepancy Principle, the
solution is assumed to be sufficiently accurate when the
difference between measured and estimated tempera-

Ra =5.0 x 10*
Pr=0.7

— Current results

Ref [40] - 6=0°
Ref [40] - 6=30°
Ref [40] - 6=90°
Ref [40] - 6=150°

Ref [40] - 6=180°

0.00
0.625 0.825 1.025 1.225 1.425 1.625
(a) Radial position
Ra=5.0x 10*
12.0 Pr=0.7
4 —— Outer surface (cold) - Current results
— Inner surface (hot) - Current results
é 8.0 o Outer surface (cold) - Ref [40]
>
z % Innersurface (hot)-Ref[40]
2
[
=}
=z
©
o
o
-
\
0 30 60 90 120 150 180
(b) Angle 6 (degrees)

Fig. 2. Comparison between current and benchmark results for (a) temperature and (b) Nusselt number.
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tures is of the order of magnitude of the measurement
errors, that is,

IT[éw77s7[§q1(£7t)7q2(é7[)] - :us(t)‘ o (24)

where ¢ is the standard deviation of the measurements,
which is assumed constant in the present analysis.
The stopping criterion used here is given by

Flgi(&8).qa(&,0)] < & (25)

100 —

Dimensionless radial velocity

where Flq(&,1),q2(&,1)] is computed with Eq. (5). The
tolerance ¢ based on the Discrepancy Principle is
then obtained by substituting Eq. (24) into Eq. (5). It
results:

e= %S(thf (26)

For cases involving errorless measurements, stable so-
lutions for the inverse problem can be obtained by

Ra=5.0x10"
Pr=07

—— Current results
Ref [40] -6 = 0°
Ref [40] -6 = 30°
Ref [40] -6 = 90°
Ref [40] -6 = 150°

Ref [40] -6 = 180°

0.625 0.825 1.025 1.225

1.425 1.625

(a) Radial position
Ra=5.0 x 10*
100— Pr=0.7
—— Current results
= ® Ref[40]-8=0°
[8]
O 50
] %0 B Ref [40] -0 = 30°
©
S ¢ Ref[40] -6 = 90°
(9]
g o * Ref[40] -0 = 150°
[
8 A Ref [40] -6 = 180°
c
Ke]
[72]
5
£-50—
=
'100 T I T I T T I T I
0.625 0.825 1.025 1.225 1.425 1.625
(b) Radial position

Fig. 3. Comparison between current and benchmark results for (a) radial velocity and (b) tangential velocity.
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specifying the tolerance ¢ as a small number, since no
perturbation is present in the input (measured) data.
However, such is the case only if the sensors are ap-
propriately located in regions where the measurements
are sufficiently sensitive to variations in the unknown
function.

The conjugate gradient method, as applied to the
estimation of the unknown functions ¢;(¢,1), j=1, 2,
can be arranged in a computational algorithm, which
can be readily adapted from those found in Ref. [35].

9. Results and discussion
9.1. Validation of the direct problem

We now turn our attention to the annular circular
cavity depicted in Fig. 1. The results obtained here for
natural convection of air were compared to those of
Pereira et al. [40] obtained with the Generalized Integral
Transform Technique. The physical properties were
taken as: p = 1.19 kg/m’; u=1.8 x 107 kg/ms; f=
0.00341 K™'; Pr = 0.70; K = 0.2624 W/mK; C, = 1020.4
J/kg°C. The test-cases analyzed below correspond to a
Rayleigh number of 5x10% where the characteristic
length used was L = R, — R;. For this Rayleigh number,
R, was taken as 54.4 mm and R; as 22.9 mm, while the
temperatures at the walls # = N and = 1 were taken as
Th = 30 °C and T; = 20 °C, respectively. The Rayleigh
number was defined as:

_ pgB(Th — T)L?
o

RLZL (27)
Figs. 2 and 3 show a comparison between the current and
the benchmark [40] results for the steady-state dimen-
sionless temperature, Nusselt number at the inner and
outer walls, radial and tangential velocities, respectively,
for the test-case analyzed here. The dimensionless vari-
ables presented in these figures are defined as:

VaL VoL R
U =—, 0= r=-,
o o L
T—-T. jie
O=— p =2 28a—
T e (28a—¢)
Table 1

Test cases for the inverse problem
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For the current numerical results shown in Figs. 2 and 3,
a finite-volume grid was used with 80x80 cells. Figs. 2
and 3 show that the present numerical results are in
excellent agreement with those of Ref. [40]. However,
some deviations can be observed at § = 0° and 6 = 180°
for the tangential velocity. Such deviations are due to
the fact that the current grid did not have enough cells to
capture the velocity at these locations and the numerical
results are shifted of 1°.

9.2. Inverse problem

We will consider in this section the solution of the
inverse problem involving the same direct problem for
which the numerical solution was validated in the pre-
vious section. Therefore, the heat fluxes to be estimated
are those required to maintain the surfaces 7 =1 and
n =N at the constant temperatures 7, =20 °C and
Th = 30 °C, respectively. The initial temperature was
taken as T, =20 °C. As a result, the unknown heat
fluxes vary along the surfaces 7 =1 and n = N, as well
as in time.

We use simulated temperature measurements for the
solution of the present inverse problem. These mea-
surements are obtained from the solution of the direct
problem for known boundary heat fluxes ¢,(&,¢7) and
q>(&, 1), at the surfaces # =1 and n = N, respectively.
The measurements obtained in such a manner are con-
sidered as exact (u,.(¢)) and, in order to simulate
measurement errors, a random term is added to them in
the form:
1s(8) = pyex (1) + 000 (29)
where w is a random variable with normal distribution,
zero mean and unitary standard deviation and o is the
standard deviation of the measurement errors.

We examined in this work several test-cases involving
different numbers and positions of sensors, as well as
different levels of simulated random measurement er-
rors. Table 1 summarizes such test-cases and the RMS
errors for each of the estimated functions. The RMS
error is defined as:

Test-case Depth below the Depth below the Number of sensors g (°C) erms (W/m?) erms (W/m?)
surface n = 1 (mm) surface # = N (mm) n=1 n=N

1 0.38 0.13 80 0.00 0.55 5.49

2 0.38 0.13 27 0.00 0.69 7.26

3 0.38 0.13 4 0.00 0.90 6.44

4 0.38 0.68 4 0.00 1.20 10.22

5 1.08 1.25 4 0.00 2.51 13.06

6 1.77 1.83 4 0.00 4.09 14.58

7 1.08 1.25 27 0.6 6.33 14.90
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M-1

1
(M —1)I £
for j=1,2.

I
> Gexs (s i) — Gestj (& 1))

1 =1

ERMS,j =

(30)

Test-cases 1-6 involve the use of errorless (o = 0)
measurements in the inverse analysis, while test-case 7
involve the use of measurements of standard deviation
o = 0.6 °C. Since the measurement errors are assumed
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to be additive, uncorrelated and normally distributed,
with zero mean and constant standard deviation, at the
99% confidence level the measurement errors are at most
1.6 °C in magnitude. For all test-cases we have assumed
available measurements every 0.005 s (200 Hz) for each
sensor and the final time was taken as 40 s. The initial
guesses were taken as q;(&,¢) = g2(&,1) = 0.1 W/m?. By
examining Eqgs. (13e), (18b) and (19), we can notice that
the gradient of the functional is null at the final time

1t
: 6=0.00-£=79
40— + 4sensors@1.08/1.25mm
+ — Exact (n=1)
1 %
& SOl b e e : Esti =1
£ "\'}++++T"‘T‘H-I+I PR RREEER stmated (n=1)
% O+ s Exact (n=N)
)
s + + Estimated (n=N)
40—
+
' I ' I ' I ' I ' |
(a) 0 2 4 6 8 10
t[s]
6=0.00-t=7.5s
4sensors@ 1.08/1.25mm
80 —
— Exact (n=1)
(il el S R + + Estimated (n=1)
40 R Exact(n=N)
- S+ Estimated (n=N)
€ -
20
3
o ] +
-40 —
-80 L L
0 20 40 60 80
(b) £

Fig. 4. Results for test-case 5:

@<¢é=79,(b)t=175s.
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t = tr. Therefore, the initial guesses used for ¢, (&, ) and
q2(&,t) at t = f are never changed by the iterative pro-
cedure of the conjugate gradient method. As a result,
oscillations may appear in the solution in the neigh-
borhood of the final time, if the initial guesses are too
different from the exact solutions. Thus, a final time
larger than that of interest was used in the analysis, so

40— Y

t
X
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that the effects of the initial guesses were not noticeable
in the time domain that the solution was sought.

Since the numbers of sensors in test-cases 2—7 were
smaller than the number of control volumes used for the
discretization, an interpolation procedure was used for
the measured temperatures along the ¢ direction.
NETLIB’s subroutine GCVSPL, based on the cross-

6=0.00 Tmax.-£=79
4sensors@1.77/1.83mm

— Exact (n=1)
+ Estimated (n=1)

Exact (n=N)

+ Estimated (n=N)

+

q (&t [Wim?]
o

-40—

@) 0 2 4 6 8 10
t[s]
6=0.00 -t=7.5s
4sensors@1.77/1.83mm
80 —
— Exact (n=1)
_'l'---:'-_«--‘]?..:t..__‘t_. + 4 Estimated (n=1)
I e +
40 + + ++ ________ + Exact (n=N)
7 + + Estimated (=N)
Ng _‘F“_
2
S
o
80 L
(b) 0 20 40 60 80
g

Fig. 5. Results for test-case 6: (a) £ =79, (b) t =7.5s.
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validation smoothing procedure, was used for the in-
terpolation. The sensors were assumed to be evenly lo-
cated along the ¢ direction, near each of the boundaries
with unknown flux.

Test-case 1 represents an ideal case where there is one
sensor at each control volume next to the surfaces 1 = 1
and 7 = N (0.38 mm below the surface at » = 1 and 0.13
mm below the surface at # = N). This test-case gives the

PR
'

+

q (&b Wim?]
o
|

minimum RMS error for the grid size used for the cur-
rent simulation. Note in Table 1 that, as we decrease the
number of sensors from 80 in test-case 1 to 4 in test-case
3, the RMS error increases since less information is
available from the measurements inside the cavity.
Similarly, the RMS error increases when the sensors are
located deeper inside the cavity, as we can notice by
comparing test-cases 3 and 4 in Table 1.

6=0.02 Tmax.-§ =79
27sensors@1.08/1.25mm

— Exact (n=1)
4 Estimated (n=1)
........ Exact (n=N)

+ Estimated ( n=N)

ku
+ G,

i +
+
-40 + .|,"*" +
T I T I T T I T I
(@) 0 2 4 8 10
ts]
6=0.6-t=7.5s
80 27sensors @1.08/1.25mm
— Exact(n=1)
4 Estimated (n=1)
S
A "-t-:J-__‘_+ -------- Exact (n=N)
R

N\E‘ b ++ Estimated (n=N)
3 +
= 0
)
o

-40—

'80 T I T I I T I
(b) 0 20 40 60 80

Fig. 6. Results for test-case 7: (a) £ =79, (b) t =7.5s.
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Fig. 4a and b present the results for test-case 5, where
four sensors were located 1.08 mm below the surface at
1n = 1 and four sensors were located 1.25 mm below the
surface at n = N. These figures show that quite accurate
results can be obtained with only four sensors located
about 1 mm below each surface, for the physical prob-
lem considered in this paper. Note in Fig. 4a that the
exact functions are underestimated at £ = 79 after t = 2
s; also note in Fig. 4b that the estimated functions tend
to oscillate about the exact ones for = 7.5 s. However,
the sharp variation of the heat flux at y = 1 around 2 s is
accurately captured, as illustrated in Fig. 4a.

The accuracies of the estimated functions deteriorate
if the sensors are located deeper into the cavity, as il-
lustrated in Fig. 5a and b, which present the results
obtained for test-case 6. For such test-case, four sensors
were located about 1.8 mm below each of the surfaces.
In fact, no accurate results could be obtained with sen-
sors farther than 1.8 mm from the surfaces with un-
known fluxes, because they were located outside the
thermal boundary layers and, therefore, were not sen-
sitive to variations in the boundary heat fluxes.

We now examine the results obtained for test-case 7,
with measurements containing random errors of stan-
dard deviation ¢ = 0.6 °C. For test-case 7, the mea-
surements of 27 sensors located near each of the
boundaries were assumed available for the inverse
analysis. The sensors were located 1.08 mm below the
surface at n =1 and 1.25 mm below the surface at
n = N. Fig. 6a and b show that the estimated functions
are in very good agreement with the exact ones for such
test-case, although some oscillations are observed in the
inverse problem solution, specially near the sharp vari-
ation around 2 s at y = N (see Fig. 6a).

10. Conclusions

In this paper we applied the conjugate gradient
method with adjoint problem for the simultaneous
identification of two boundary heat fluxes in a natural
convection problem in an irregular cavity. A function
estimation approach was utilized, where no information
was assumed available regarding the functional form of
the unknowns. The more involved inverse problem
concerned with the estimation of position- and time-
dependent functions was examined. Direct and inverse
problems were formulated in terms of generalized co-
ordinates. Therefore, the present solution procedure can
readily be applied to cavities with different geometries.

Results obtained with simulated temperature mea-
surements reveal that quite accurate estimates can be
obtained for the unknown functions with the present
inverse problem approach. However, the sensors need to
be located near each of the surfaces, inside the thermal

boundary layer, in order to be sensitive to variations on
the boundary heat flux.
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